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We derive the gradient estimates and Harnack inequalities for positive solutions 
of nonlinear parabolic and nonlinear elliptic equations (A - @3) u(x, t) + 
h(x, t) u’(x, t) = 0 and Au + b ‘Vu + hu” = 0 on Riemannian manifolds. We also 
obtain a theorem of Liouville type for positive solutions of the nonlinear elliptic 
equation. 0 1991 Academic Press. Inc. 
0. INTRODUCTION 
Let M be a complete Riemannian manifold. We consider the parabolic 
equation 
( ) 
A -; u(x, f) + h(x, t) uyx, t) = 0 
on M x [0, co ), where h(x, t) is a function defined on M x [0, co ) which is 
C2 in the first variable and C’ in the second variable, and c( is a positive 
constant. When a = 1, (0.1) is a linear equation; P. Li and S. T. Yau [S] 
derived the gradient estimates and the Harnack inequalities for positive 
solutions of (0.1). In this paper, we consider the general case 
(Theorem 2.2), and particularly we have the following global gradient 
estimate and Harnack inequality. 
THEOREM A. Let M be an n-dimensional complete Riemannian manifold 
with Ricci tensor R,> -kgu (k 20). Let h(x, t) be a nonnegative function 
defined on M x [0, co ) which is C2 in the x-variable and C’ in the t-variable. 
Assume that 0 < c( < n/(n - 1) and (A + d/at) h(x, t) > 0. 
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Zf u(x, t) is a positive solution of (O.l), then 
k lWZ ; lhu”-’ 1 up I 2n 
u2 u uu a2 t a(2-cc) 
and 
where x1, x2 EM, 0 < t, < t2 < cc), and r(x,, x2) is the geodesic distance 
between x, and x2. 
In the case where a = 1, Theorem A shows that if h(x, t) is nonnegative 
and independent of t, the condition on the growth of jVh(x)l in the result 
of Li-Yau [S] is unnecessary. 
The other purpose of this paper is to derive a gradient estimate, the 
Harnack inequality, and a theorem of Liouville type for positive solutions 
of 
Au+b.Vu+h.u”=O, (0.2) 
where h E C’(M), b E X(M), 0 < a < n/(n - 2). 
B. Gidas and J. Spruck [4] proved the following theorem. 
THEOREM B. Let M be a complete Riemannian mantfold of dimension n 
with nonnegative Ricci curvature. Suppose that h E C’(M), a E R+ satisfy the 
following conditions 
(1) VXEM, h(x)>O; 
(2) VXEM, Ah(x)>O; 
(3) for r(x) large IV log h(x)1 < C/r(x) and if n > 4, h(x) > C(r(x))O 
with o > -2/(n - 3), where r(x) is the geodesic distance between x and some 
fixed point P; 
(4) l<a<(n+2)/(n-2). 
Zf u(x) is a nonnegative solution of Au + hu” = 0, then u(x) z 0. 
In this paper we show that when 1 <a < n/(n - 2) (n > 4), the condition 
(3) is unnecessary and the condition (1) can be replaced by the condition 
that there exists a point x0 in M such that h(x,) > 0. When a = 1 P. Li and 
S. T. Yau [S] proved the same result as ours under the condition that 
IVh(x)l = o(r(x)) as r(x) + co. It is surprising that when 1 <a < n/(n - 2) 
the condition on the growth of (Vhl is not needed. 
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1. SOME LEMMAS 
In this section, we prove some lemmas which are essential to the deriva- 
tion of the gradient estimate. 
Suppose u(x, t) is a positive solution of (0.1 ), that is 
u(x, t) = -h(x, t) uz(x, t) 
u(x, t) > 0. 
We define 
wx, f) = (4% w”, 
where B is a positive constant to be fixed, 
VW= -@-P-l .vu 
IVW12 =fi 2u-*(B+~+7u~2 
IVW2 p IW2 
-jqT= - u2 
(1.1) 
(1.2) 
(1.3) 
p+ 1 lVW12 
=-?+/?hW 
P 
I-t(l--cl)/P+ w, 
Therefore, 
We introduce three new functions, 
(1.4) 
(1.5) 
where v and 6 are two constants to be fixed. 
Let e,, e2, . . . . e, be a local orthonormal frame field. By adopting the 
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notation of moving frames, subscripts in i, j, and k will denote covariant 
differentiation in the ei, ej, and ek directions where 1 < i j, k < n. 
A straightforward computation gives 
2w.w.. 2WfW. 
hW(l-a)/fl-l W, 
J 
(1.6) 
2w? 2w.w... wi w, wj 
A&x, I,=~+~-8 w3 +(j!!?+,,W(l-“‘/p.Ah 
WC’-” )/8-l AW (1.7) 
arp,(x, t) 2wiwi, 2w?w --+vh,W”-*“@+v hw” -a)/b 1 W 
(1.8; 
We denote the Ricci tensor of M by RV: 
2WiWej=2WiWji ( 2RyWiWj 
w2 w2 w2 . 
SO, 
2w.w... 2w.w. 2wi A-:=T(~w- Wz)i+2RuF;wj 
W2 W2 
4(/?+1) wiwiiwj 
=- w3 
2(/I+l) w; 
B 
B wq+2fiW(1-~)‘B-- W,h, 
(1.9) 
+28(1+3 /,w(l-a)/P-2w;+2RU~wj (1.10) 
= -s(AW- W,) 
2(8+ 1) w? 
= -p+-2/?hW”-““fi-2w,?. (1.11) 
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By the HGlder’s inequality, we have 
2 
2wg 8 wi wi, wj 
W’ W3 
+6W4>2(1-&)Wj) 
w4’ w2 ‘-4 
wi w, w, 
pj73 
where Oc~<l. 
By the inequality Wi 3 (l/n)( Wii)2, we obtain 
2 2w,-8 wiwii wj w; 
W2 w3 +$a 
BY (1.61, 
2wiw,wj 2w4 
vq,vlog w= w3 ----+++&‘(l-fi)+lhiW, 
hw” -a)/8-2 W2 I . (1.13) 
Substituting (l.lO), (l.ll), (1.12), and (1.13) into (1.7) and (1.8) we 
obtain 
+ 
2R, Wi W, 
w2 - ,,W” -m,/sh I’ (1.14) 
We set 6 = v/p; then 
(A--+~(.q)z-2(~-l)~+2($L)vp.vlog w 
+vw(‘-a’lB.Ah+ 2R, Wi Wj 
w2 . 
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BY (1.4), 
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If we set v = @‘/a), then (1.16) becomes 
(1.16) 
(1.17) 
Substituting (1.17) into (1.15), we obtain 
(ww2-2 A-l 
( )I 
IVW” 
,*g* & W4 
+4(1-&)~(s/?+s-a)(p lVW12 P+l 
n s*/?* w2+2 ( 1 
--1 Vp.Vlog w 
P 
IVW2 +(l-cz)(2-s)hW”-“)‘~- w2 +v(l -,)h*w*“-““B 
+2p(1-s)w”-“uB-’ W,h,+vW(‘-“I’D Ah 
+ 
2WiR, Wj 
w2 . (1.18) 
Equation (1.18) implies the following lemma. 
LEMMA 1.1. Let M be an n-dimensional complete Riemanniun manifold 
with Ricci tensor R,. If cp is defined by (1.5) where 6 = v/p, v = ~(/?‘/a), then 
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+ 2u -w-P--S)2-2 ‘_ 1 
[ ( >I IVW4 n s2 ’ p* 
4(1-E) c+p+s-u) 
+- 
n s’$’ 
~~+24‘-9v~.v,ogw 
+ (1 +++fd--“VP lVW12 cp+(u- l)(s- l)hW’l-“‘i+- 
+2P(l-s) w (1 -al/P- 1 Wihi 
+ VW” -a)/b. Ah + 2WjR, W; 
w2 . (1.19) 
If we set 6 = 2(v/Q), then ( 1.14) yields 
+2(~-1)v@7log w 
BY (1.41, 
where v = fi2/a. So, 
J,jA-TIP-1 W,hj+;(* -cY)hW”-“‘P- 
2R, W; W, 
w2 - ( 
+(p+ 1 -;)!!!$W”-“‘.” 
cl2 01 
+pv*+phW 
B’ (1 -a)/fi + 4 h2J,j,rz(l -r)jfi* 
1.20) 
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Substituting this identity into (1.20) and setting v = B2/c(, we note that 
(1.20) yields the following lemma: 
&WdA 1.2. Let M be an n-dimensionai complete Riemannian manifold 
with Ricci tensor R,. Let h(x, t) be a function defined on M x [0, co) which 
is C2 in the x-variable and SC’ in the t-variable. Assume that h(x, t) > 0, 
(A + a/at) h(x, t) > 0, and 0 < a< n/(n - 1). 
We define 
q=lw2 8’ v..---+,hW”-“““+y!%; 
if q(x,J > 0, then at x0 E M we have 
+[3L3+!+y2(+)]P$ 
+2 (Y- l)Vp .Vlog w+2w,wR$? 
where p is a positive constant to be fixed and E is a positive constant such 
that 0 < E < n( l/n - (a - 1)/a). 
We now consider properties of positive solutions of (0.2). Suppose U(X) 
is a positive solution of (0.2) and set 
W(x) = u -P(x), 
where ,9 is also a positive constant to be fixed: 
VW= -jw@-’ vu 
-B’Ivu(’ lVW12 
W2 u2 
p+ 1 IVW12 =-- 
B w 
+jQ,w’+“-“‘/fl-b.VW. 
We introduce another function 
(1.21) 
(1.22) 
(1.23) 
(1.24) 
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Assume b = bj ee;. Using (1.23), we get, after a straightforward com- 
putation, 
2wf. 2w.w... Al//=-LL+d wi w, w, 
w2 w2 -g w, 
I-ff 
+2v ___ ( > B Wi’.ip-~w~jj+vj(~)(~)WIl-ii.~ 
+v(l -E)h2(X)W2(‘-Q’fi+V 7 
( 1 
hw(‘-=)‘fl ‘hi. wi. 
The following estimate can be obtained in a similar manner as 
Lemma 1.1: 
A*~~($)2-2(~-l)~+2(~-l)v*.v,ogw 
+ 2(1-cc)+v--- 
L 
a(ci - 1) 
P’ 1 hW”-.~/Pg+v(l -a)~2w2(l- x)/S 
+2/? 1-z 
( > B’ 
w “-“‘~~~‘W,j,+vW”-“‘~~(dj+Vj.b) 
+ 
2WiR,WjA2 WibvWj 
W2 
--V$.b. 
W2 
By (1.23), we have 
(1.25) 
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By H6lder’s inequality, we have 
~~bv~dE-(~)2~*+~,b,‘~ (1.27) 
2(yL9by+(y-f~9 
(1.28) 
where E’, E” > 0. 
Substituting (1.26), (1.27), and (1.28) into (1.25), we have 
+ 2(1 --cr)+v7 
[ 
a(a- 1) 
P 1 hw”-=)lBq+v(l -a)j&+7Z(‘-w8 
.ZwilRsb,) wj 2(1ie)(i, i Et, 1) lb12 lvzi2e 
We set v = /l’/a; then 
(1.29) 
v(l -a)h*W*(‘-a)/fi + 
C 1 IVW2 2(1 -a)+va(a-I) hW(l-“)‘“F P' =(l-a)hW('-")~~$ 
(1.30) 
Substituting (1.30) into (1.29) yields the following lemma. 
b?MMA 1.3. Let A4 be an n-dimensional complete Riemannian manifold 
with Ricci tensor R,. If $ is defined by (1.24), then 
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+vW”-“)‘s(Ah+Vh.b)-VI//.b+ 2Wi(R,-b,) W, 
w2 (1.31) 
2. GRADIENT ESTIMATES AND HARNACK INEQUALITIES FOR 
PARABOLIC EQUATIONS 
In this section, we first give interior estimates and then we extend our 
local estimates to global ones. Finally, we prove the Harnack inequality for 
positive solutions of (0.1). 
THEOREM 2.1. Let M be a complete Riemannian manifold with possibly 
empty boundary 8M. Assume PE M, and B,(2R), the geodesic ball of radius 
2R around P does not intersect he boundary dM. We denote - K(2R) to be 
the constant such that the Ricci curvature of M is bounded from below by 
- K(2R) in B,(2R), and K(2R) 20. Let h(x, t) be a function defined on 
M x [0, 00 ) which is C2 in the x-variable and C’ in the t-variable. Assume 
that 
Ah> -8(2R) 
and for a > 1, assume in addition that 
IVh(x, t)l < v(2R) 
on Br(2R) x [0, co) for some constants 8(2R) and v(2R). 
If u(x, t) is a positive solution of (0.1) on M x [0, cx) , then for 0 < a < 1, 
u(x, t) satisfies the estimate 
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S~f+~(l--z)M,M,+~I(H(2R)M,)‘I’ xf 
Js a312 
n 
+2a(l -a) WW 
+Li n 
2a2 R2 
’ C, + C2C3,,&-i R(K(2R))“’ , 
2( 1 - a)a 1 (2.1) 
where C,, Cz, C, are positive constants and 
M, =max{hk(x, t)l(x, t)EB,(2R)x [0, co)}, 
M, = max{d- ‘(x, t) ( (x, C)E B,(2R) x [0, a~)}, 
and for a > 1, u(x, t) satisfies the estimate 
lVu12 s T+ihu’-‘-!u’ 
au 
n s21 n s2 
<2(1-E); -+-- 0 0 t 2(1-E) a 
(a-l)M4M5 
+ 
where 
-((a- l)(s- 1)M3M,+2K(2R)y-2fl(s- 1) M4v(2R)y1” , 
where p is a positive constant such that (l/n)(l + (s- a)/$)‘> l/q s is a 
positive constant such that s > a; C,, C2, C3, C, are positive constants; and 
M,=max{h-(x, t)l(x, t)EB,(2R)x CO, XI)} 
M4=max{u”-‘(x, t)l(x, t)EB,(2R)x [0, a)} 
M, = max{h(x, t) ( (x, t) E B,(2R) x [0, a~)}. 
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ProuJ We define the function F(x, t) = t . cp(x, t). Let g(r) be a C* 
function defined on [0, co) such that 
i 
1 
E(r)= o 
if re [0, l] 
if r>2 
O<g(r)< 1, g’(r)<O, g”(r)& -Cl, and I$(r)12/g(r)<Ci, where C,, C, 
are positive constants. 
If r(x) denotes the geodesic distance between x and some fixed point P, 
we set 
g(x)=2 +) . ( > 
Using the argument of Calabi [ 1 ] (also see [2]), we assume that the 
function g(x) .F(x, t) with support in B,(2R) is smooth. Let (x0, fO) be the 
point where g. F achieves its maximum in B,(2R) x [0, 7’1. Clearly, we 
may assume that g(x,) . F(x,, to) > Or By the maximum principle, at 
(x0, to), we have 
V(g.F)=O (2.3) 
WF)>O 
--z-’ (2.4) 
A(g.F)<O. (2.5) 
Obviously, 
(2.6) 
Applying the Laplacian comparison theorem, we have 
Ard +(1+&r) 
Aga -$- ” C1(;;L)(l+Jm.R) 
> -C2+(n-W, C,(n-1) , 
R2 - R Jrn. (2.7) 
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By (2.3), we have 
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vF=--3 F 
g’ 
By (2.5), we have 
Using (2.4) and (2.9), we obtain 
If 0 < a < 1, by setting s = 1, and using Lemma 1.1, we have 
(2.8) 
(2.9) 
(2.10) 
4(1-&)a(p+1-a)F lVWl2 
+- .- 
n P’ W2 
+&Vlog W+(~-C+ZW”-““~.F 
P 
(VW\’ F -$I(2R)W(1-“‘J”-2tK(2R)~-;. (2.11) 
By Hiilder’s inequality, 
2 2(1-E) l-or 2 (VW)4 
2t.K(2R)q<---(T) tW4 
n 
nB2 
+2(1 --E)(l -a)2 
. t . K’(2R). (2.12) 
Substituting (2.12) into (2.1 l), if we choose /? > 0 such that l//3 > 
n/2&( 1 - a), then we have 
+hF.Vlog W+(~-CY)~W”-““~F 
B 
nB2 
2(1 -&)(l -a)2 tK’(2R). (2.13) 
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Substituting (2.13) into (2.10) and using (2.8), we have 
2(1-&)c? 1 4(1-&)a(J?+l-a) 
,1-pI;g.F2+ n /p .g.FW2-- . 
lVW2 2 F vg.vFw 
D w 
-(l-a)M,M~gF-~tq2R)M*t-2(l-$a)2tK2(2R) 
gF 
i 
c; C,(n-1) _-- -- 
t R2 R 
Clearly, 
VW 4(1-E)C1(1--CL) 
1 gF4’gvGn’ - 
P P 
gF lVW2 
W2 
n 
+ 
IVgl’ 
4(1-&)cx(l --r) g 
(2.14) 
(2.15) 
Multiplying through by g at (2.14) and using (2.15), we obtain 
2(1-E) ct* 
n~g2F2-(1-a)M,M2rgF-gF 
-t C,+CAn- 1)
R2 R 
- t2 $ 8(2R)M2 + nP2 
2(1 --E)(l -a)2 
(2.16) 
Equation (2.16) implies 
n 1 
+2(1-c)a2 2(1-.s)a(l-a) [ 
n 1 -- ---cC,+C,+C,J;z-l.R.JSY(2R) $. 
I 
Letting E -+ 0, we obtain (2.1). 
If a 2 1, applying Lemma 1.1, we have 
580/100!2-2 
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( > 
A-; F>~$p’ 
s 
+[3L31+y)‘2]Pg 
+4(1-e)a($+s-a)FlVWl’ 
n s2/J2 W2 
+21VF.Vlog W-(a-l)M,M,F 
B 
IVW2 - 2s c t0(2R)M, - (2K(2R) + (a - l)(s- 1)M3M4) ~2 
- 2p(s - l)M, . v(2R) F. (2.17) 
To obtain estimate (2.2), instead of using the inequality (2.15) we can 
use the inequality 
2 
P 
-gF.Vg--Gn- - VW 4(1-.5)a(~-a)~JVWI~+ n 
g2s2 W2 
and get (2.2) by an argument similar to the one used in obtaining (2.1). 
Remark. In the proof of Theorem 2.2, we show that 
‘((a- l)(s- l)M3Mq+2K(2R))’ 
n(s - 1)4s2M4v4(2R) 
Now, we prove the following global estimates. 
THEOREM 2.2. Let M be an n-dimensional complete Riemannian mantfold 
with Ricci tensor R,. 
Let h(x, t) be a function defined on Mx [0, GO) which is C2 in the 
x-variable and C’ in the t-variable. 
(I) For O<a<i, assume that h>O, R,> -k,g, (k,>O), and 
Ah > 0. If u(x, t) is a positive solution of (0.1) on M x [0, co ), then 
lVu12 1 T+i,ua-l-!~&~+~kl. 
U au 2a2t a(l-a) 
(2.19) 
(II) For a = 1, assume that R,> 0, Ah 2 -k, (k, > 0), and IVh( = 
o(r(x)) as r(x) + co, where r(x) is the geodesic distance between x and some 
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fixed point P E M. Zf u(x, t) is a positive solution of (0.1) on M x [0, so), 
then 
lW2 24, nl 
u’+h--&;+ (2.20) 
(III) For aa 1, assume that R,>, -k, g,, Ah> -k,, -k3< h< kq, 
and IVhl Sk, (k,, k,, k,, k,, k, > 0). Zf u(x, t) is a bounded positive solution 
of (0.1 ), then 
IW 2 -++-‘?’ 
u2 au 
0 
f 2(a-l)k,M, 
n s2 
--(a- l)(s- l)k,M, 
+2&i@-a) 
(2.21) 
where M,= Sup{F ‘(x, t)( (x, t)~Mx [0, oo)}, s is a positive constant 
such that s > a, and C, > 0 is an absolute constant. 
Proof. By setting 8(2R) = M, = 0 and K(2R) = k,, and letting R -+ oc, 
we note that (2.1) yields (2.19). 
In order to prove (2.20) and (2.21), we compute M,. We set 
A = (a- l)(s- 1) M,M,+ 2K(2R). 
Clearly, 
Therefore if we choose jI sufficiently small such that 2(s - a)/nsj? =, l/~, then 
-2fi(s- l)M4.v(2R)y1’2 
I 
A2 
ns2M,“(v(2R))“(s - 1)4 
(l-E)(S-a)Z 
(2.22) 
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By setting 8(2R)=kz, M,=k3, MS =k4, v(2R)=k,, and M,= 
max{ud-‘(x, t)( (x, t) E B,(2R) x [0, co)}, and letting R + co, F + 0, we 
note that (2.2) yields (2.21). 
If c( = 1, by (2.22), we have 
4K2(2R) + C,z 
ns2(v(2R))4(s - 1)2 
l--E 
We set s- 1 = 6/R2, K(2R) = 0, and 8(2R) = k2, and let R -+ 00, E -+ 0, 
6 -P 0; then we can obtain (2.20) from (2.2). 
Remark. The reuslt (II) is the main result in [S]. 
THEOREM 2.3. Let M be an n-dimensional complete Riemannian manifold 
with Ricci tensor R, 2 -k, g, (k, 2 0). Let h(x, t) be a nonnegative function 
defined on M x [O, 00 ) which is C2 in the x-variable and C’ in the t-variable. 
Assume that 0 < a < n/(n - 1) (n 2 2) and (A + a/at) h(x, t) 2 0. 
If u(x, t) is a positive solution of (0.1 ), then 
IVu12 1 2n --+;h.,‘-d!.?<2”i+- k 
ctu a2 t cr(2-a) ” 
(2.23) 
Using Lemma 1.2 and an argument similar to Theorem 2.2, we can prove 
the theorem. 
We can utilize the gradient estimates (2.23) to obtain the Harnack 
inequality for positive solutions of (0.1) by an argument similar to 
Theorem 2.2 in [S]. 
THEOREM 2.4. Suppose M, h(x, t), and u E R+ satisfy the hypotheses of 
Theorem 2.3. If u(x, t) is a positive solution of (O.l), then 
where x, , x2 E M, 0 < t, < t, < co, and r(xl, x2) is the geodesic distance 
between x, and x2. 
Proof: Since h(x, t) 2 0, using Theorem 2.3, we know that if f = log u, 
then 
(2.25) 
for all (x, t) E M x [O, co ). 
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For any two points (x1, ti) and (x2, t2) in Mx [O, a) with t, <t,, we 
let Y: [0, l] -+ M be the shortest geodesic joining x1 and x2 with r(0) =x2 
and r(l)=x,. 
Define the curve q: [0, l] +Mx [0, cc) by ~(s)=(I(s), (1 -~)t,+st,). 
Clearly, ~(0) =(x2, b), v(l)= (x,, t,): 
f(x 15 [,I-f(x2, t*)= ___ I 
’ df(?(S)) ds 
0 ds 
G s ,: (P Ivfl-(f,--t,)f,)ds, (2.26) 
where p = T(x~, x2). 
Applying inequality (2.25), -ft < -alVfl’ + (2n/a)(l it) + 
(2n/(2 - a))/?, . so, 
f(XIY ~I)-f(x2r~2)GSgl (plvfl--Cl(f2-~i) Ivfl' 
+ql*-J+ 
a 
I +302-t,) & 
> 
where t=(l -~)t~+sf,. 
However, as a function of IVf (, the quadratic 
d P2 
4a(t2 - tl) 
+2(t*-t,)A+ 
a t $p*-2,). 
fb,, t,)-f(X2, t*)< 
P2 2n 
4a(t,-1,)+2-a 
--k,(r,-t,)+$log : , 
0 
which proves (2.24). 
3. GLOBAL BEHAVIOR OF POSJTJVE SOLUTJONS OF ELLIPTIC EQUATIONS 
In this section, we first derive global gradient estimates for positive 
solutions U(X) on M of Eq. (0.2) and then utilize the gradient estimates to 
obtain the Harnack inequality. 
Finally, we prove a theorem of Liouville type. 
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THEOREM 3.1. Let M be an n-dimensional complete Riemannian manifold 
with Ricci tensor R,. Suppose that h(x) E C’(M), b(x) E X(M), u E R+, and 
R, satisfy the following conditions: 
(1) VXEM, Ah(x)+Vh(x).b(x)>O, 
(2) I4 <k,, R,> -k,g,, b&,g, (k,,k,,kz>O), 
(3) l<cr<n/(n-2) (n>4). 
If u(x) is a positive solution of (0.2), then 
~Vu~2+~hu”-’ < ’ 
2 24 ci ‘a(cr 
(31) 
. --- 
where 0 < E’ < 1 - (n/2)((a - 1)/a). 
Proof: Let P be a fixed point in M; r(x) denotes the geodesic distance 
between P and x. 
We define the function F(x) = (R2 - r2(x))2 Ii/(x), where II/ is defined by 
(1.24) with v = b’/a. 
Using the argument of Calabi [l] (also see [2]), we may assume that 
the function F(x) with support in B,(R) is smooth. 
Let x1 be the point where F achieves its maximum in B,(R). We may 
assume F(x, ) > 0. Clearly, we have 
VF(x,)=O (3.2) 
AF(x,) < 0. (3.3) 
Computing directly, (3.2) and (3.3) yield 
W 4r Vr 
7=jjT-q (3.4) 
‘* 
8 
rVr V* 4rAr 8r2 4 
-- 
* R2t) --~+(+2-r2)2-(R2-r2)2’0’ 
(3.5) 
Using the Laplacian comparison theorem, we have 
r.Ar<(n-1)(1+&r). (3.6) 
By setting E” = f, E > 0 sufficiently small such that (2( 1 - v)/n)( 1 - E’) > 
(a - 1 )/a, and using Lemma 1.3, we note that (3.5) yields 
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+ 4(1 -E)dP+l-a) I a(G(;l) IvW(2 2vljvw 
[ n B’ a 1 w2 +jjE- 
k lVW2 1 -_ 
’ w2 * 
rVr V+ 4r Ar 8r2 4 
-8 (R2-r2)7-$3+ (R2-r2)2-(R2-r2)2~0. (3.7) 
Obviously, 
1-Eg(l-C()21Vw14 1+ <- ___-- 
n B’ w4 * 
(3.8) 
where 0<6<1,‘and 
n 
2V$VW 4(1-&)cr IVW12 n ---<--- 1 WI’ 
Bti w n /? W2 +4(1--E)olp $2 . (3.9) 
Substituting (3.4), (3.6), (3.8), (3.9) into (3.7), and letting fl be 
sufficiently small, we have 
- +-1)(1+&r) 4 <o 
R2-r2 -ipyY- ’ 
(3.10) 
Multiplying through by (R2 -r2)4~, (3.10) takes the form 
?(I-.d)-q]$F’-($--$+24)r’F4n(R’r’)F 
(3.11) 
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Equation (3.11) implies 
X &f + 24 + 49 R2 + (4kI + 4(n - 1) &)R”] 
Therefore, 
XE Bp(d’R) 
+(4kl+4(n-1)&)R3 (~-~8’)2)2~4+~~1-:b’)i)2 1 
+S(l -a)’ 
’ (l+$)k,]1’2. (3.12) 
Since I,$ = B’( /VU/~/U’) + (/?‘/a) hzF’, letting R -+ co, E --) 0, 6’ + 0, 
6 -+ 1, we have 
lVu12 1 
-+-W-’  
uL a 
1 
<- 
a(a-1) 2(1-s’) 
( n 
1 ).,2&izq+. a-l 
P-P 
a 
If h(x) is nonnegative, we can easily obtain the Harnack inequality for 
a positive solution of (0.2) usinig the gradient estimate (3.1). 
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COROLLARY 3.1. Suppose that M, IX, b, h satisfy the hypotheses of 
Theorem 3.1, and in addition we assume that h(x) >, 0. Zf u(x) is a positive 
solution of (0.2), then 
BP(R) 
Finally, we prove the following theorem of Liouville type. 
THEOREM 3.2. Let M be an n-dimensional complete Riemannian manifold 
with Ricci tensor R,. Suppose that h(x)E C2(M), b(x)EX(M), CLE R+, and 
R, satisfy the following conditions: 
(1) VXEM, dh(x)+Vh(x).b(x)>O; 
(2) 1 <a<n/(n-2) (n>4); 
(3) the tensor field 
Rp-Vibj-: I+$ Ibl g, 
( > 
is positive definite, where E’ is a positive constant such that 2( 1 - e’)/n > 
(a - 1 )/a; 
(4) Ib( =o(r) as r-+ co, R,>, -f(r)gii with f(r)>O, andf(r)=o(r*) 
as r + CD, where r(x) is the geodesic distance from x to some fixed point P 
in M; 
(5) there exists a point x,, E A4 such that h(x,) > 0. 
Then Eq. (0.2) does not have a positive solution on M. 
Proof. By an argument similar to Theorem 3.1, we know that if u(x) is 
a positive solution of (0.2) on M then 
jVu12 1 
7+,hu”+1 ~0. (3.14) 
This implies h(x) Q 0 on M. 
Since h(x,) 20 and h(x) satisfies the condition (l), h(x) can not have 
maximum at x,; h(x) must achieve some positive value on M. 
This completes the proof of the theorem. 
Remark. We suspect that Theorems 3.1 and 3.2 also hold when n = 3. 
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